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Abstract. The process of homogeneous bubble nucleation is almost impossible to probe experimentally,
except near the critical point or for liquids under large negative tension. Elsewhere in the phase diagram,
the bubble nucleation barrier is so high as to be eﬀectively insurmountable. Consequently, there is a severe
lack of experimental studies of homogenous bubble nucleation under conditions of practical importance
(e.g., cavitation). Here we use a simple geometric relation to show that we can obtain information about
the homogeneous nucleation process from Molecular Dynamics studies of bubble formation in solvophobic
nanopores on a solid surface. The free energy of pinned nanobubbles has two extrema as a function of
volume: one state corresponds to a free-energy maximum (“the critical nucleus”), the other corresponds
to a free-energy minimum (the metastable, pinned nanobubble). Provided that the surface tension does
not depend on nanobubble curvature, the radius of the curvature of the metastable surface nanobubble is
independent of the radius of the pore and is equal to the radius of the critical nucleus in homogenous bubble
nucleation. This observation opens the way to probe the parameters that determine homogeneous bubble
nucleation under experimentally accessible conditions, e.g. with AFM studies of metastable nanobubbles.
Our theoretical analysis also indicates that a surface with pores of diﬀerent sizes can be used to determine
the curvature corrections to the surface tension. Our conclusions are not limited to bubble nucleation but
suggest that a similar approach could be used to probe the structure of critical nuclei in crystal nucleation.
Bubble nucleation is a very common process but the
observation of truly homogenous bubble nucleation is very
rare [1]. The reason is that the free-energy barrier for ho-
mogenous bubble nucleation tends to be very high (or-
der 103–104 eV), except near the critical point (typical
T > 0.9Tc) where the surface tension is very low, or un-
der conditions of extreme under-pressure [2]. For this rea-
son, bubble nucleation under less extreme circumstances
(e.g., bubble formation in boiling water) is always dom-
inated by heterogeneous nucleation. The rate of hetero-
geneous nucleation is normally extremely sensitive to the
properties of the surface, in particular to the value of the
solid-liquid and solid-vapor surface free energies. Hence,
normally, heterogeneous bubble nucleation does not pro-
vide direct information about the homogenous nucleation
process.
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The situation is very diﬀerent in the case of well-
deﬁned hydrophobic (or, more generally, “solvophobic”)
nanopores in a hydrophilic (“solvophilic”) surface. Inside
these pores, vapor may nucleate easily, sometimes even at
a pressure where the bulk liquid is still thermodynamically
stable. As the pressure of the liquid is lowered, the vapor
phase will bulge out from the entrance of the nanopores.
However, if the remainder of the surface is solvophilic,
these incipient surface nanobubbles [3–8] are pinned at
the perimeter of the nanopore [9–11]. The radius of cur-
vature of the metastable nanobubble is, as is shown here,
the same as (or very close to) the one of the critical nu-
cleus in homogeneous nucleation. This quantity is usually
not accessible in bulk experiments.
Below, we show that if the classical nucleation the-
ory (CNT) relation holds, the radii of pinned metastable
nanobubbles and critical nuclei in the bulk are the same.
The relation is not exact if the surface tension is curva-
ture dependent [12,13]. However, for the geometry that we
study, the lowest-order curvature eﬀects vanish. We then
present molecular dynamics (MD) simulations to show
that metastable nanobubbles do indeed have the same
curvature radius of curvature as the critical nuclei. The
Page 2 of 6 Eur. Phys. J. E (2017) 40: 114
simulations also show that, as CNT would predict, the
pressure diﬀerence is independent of the radius of the
pore that pins the nanobubble, and is given by the same
Young-Laplace relation that would apply to critical nuclei
in homogenous bubble nucleation. Our ﬁndings therefore
indicate that direct probe experiments on pinned bubbles
on carefully patterned substrates should enable us to de-
termine the elusive properties of the critical nucleus for
homogenous bubble nucleation. Similarly, we can use sim-
ulations of pinned nanobubbles to study the properties of
critical bubbles, even when using system sizes that are or-
ders of magnitude smaller than the size of the bulk critical
bubble.
Theoretical background. Within the classical nucleation
theory (CNT) [1,14–16], the free-energy cost for the for-
mation of a bubble is
ΔG = −V Δp + Aγ. (1)
With Δp the pressure diﬀerence across the interface, γ the
vapor-liquid interface tension, V the volume of the bubble
and A the area of the liquid-vapor interface. Note that
for highly compressible bubbles, this expression is only
meaningful if the bubble is in chemical equilibrium with
the surrounding liquid. Critical nuclei are in chemical and
mechanical equilibrium with the surrounding ﬂuid while
non-critical nuclei (or unstable nanobubbles) cannot be
in mechanical and chemical equilibrium except in small
systems with a ﬁxed volume and number of particles. In
such cases, the more modern approaches to compute the
free energy [17–19] can be used. However, in the present
work we focus on bubbles that are both in mechanical
and chemical equilibrium with the surrounding ﬂuid at
constant pressure, in which case eq. (1) holds.
In case of homogeneous nucleation, the change in free
energy due to the formation of a spherical bubble of radius
R is given by ΔG = −Δp 4πR33 +4πR2γ and the critical ra-
dius R∗ is the radius at which the bubble is in equilibrium,
i.e. ∂ΔG/∂R = 0, yielding the Laplace-Young equation
R∗ = 2γ/Δp. (2)
The expression in eq. (2) depends on the geometry, e.g.
for bubbles forming in a slitpore, the numerical factor on
the right-hand side is 1 instead of 2.
We express the excess free energy of a nanobubble
pinned on a solid pore as the sum of two terms, a volume
term Δp ΔV , where ΔV is the excess volume (i.e. the vol-
ume outside the nanopore) and a surface term γΔA, where
ΔA is the diﬀerence between the area of the nanobubble
and the cross-section of the pore
ΔGNB = −ΔV Δp + ΔAγ. (3)
As we consider the case where the contact line is pinned
at the rim of the pore, the magnitudes of the solid-liquid
and solid-vapor interfaces do not depend on the bubble
size, and hence can be ignored in eq. (3). To estimate
the height and the radius of curvature of a metastable
bubble, we ﬁrst write down the expression for the varia-
tion of the free energy: dΔGNB = −ΔpdΔV + d(γΔA) =
Fig. 1. Stability analysis of diﬀerent nanobubbles: critical nu-
cleus for homogenous liquid-to-vapor nucleation (left) and two
types of equilibrium nanobubbles having diﬀerent stabilities,
under pinning boundary (right). All above nanobubbles have
the same curvature radius R = R∗ = 2γ/Δp.
−ΔpdΔV +γ0dΔA+d(ΔAγ′), where γ0 is the part of sur-
face tension that does not depend on the curvature and
γ′ = γ − γ0. The nanobubble radius R is obtained by re-
quiring ∂ΔGNB∂R = 0. We will study pores with circular
cross-section and extended slit pores. As derived in the
Supplementary Material (SM), in both cases, the excess







where D is one for a straight pore and two for a circular
pore. Taking into account this relation, the bubble radius









The ﬁrst observation from eq. (5) is that when the surface
tension does not depend on the curvature, i.e. γ′ = 0, the
radius of the nanobubble is exactly equal to the radius of
the critical nucleus, R = R∗. This is true both for circular
and straight pores.
We performed a stability analysis for the pinned
nanobubbles. From ∂ΔGNB∂R = 0, as shown in the SM,
we demonstrate that there exist two types of nanobub-
bles pinned on a circle pore, one with a contact angle de-
termined by sin θ = r/R (and thus θ < π/2) and the
other having a contact angle of π − θ (see ﬁg. 1(b)).
Both have the same curvature radius that is equal to
that of the critical nucleus for homogeneous nucleation
(ﬁg. 1(a)). The stability of these nanobubbles, as also
shown in the SM, can be inferred from the equation,
∂2ΔG
∂R2 |R=RNB = 2πγlv (1−cos θ)
2
cos θ . Hence, for θ > π/2,
cos θ < 0 and ∂
2ΔG
∂R2 |R=RNB < 0. In this case, a local max-
imum of free energy indicates that the pinned bubbles
correspond to the critical nuclei for pinned nanobubbles
losing their stability, leading to a liquid-to-vapor phase
transition under pinning condition (see ﬁg. 1(b)). This
kind of pinned nanobubbles, which are also in equilibrium
with the environment, behave similarly as the critical bub-
ble for homogeneous liquid-to-vapor nucleation: they are
of the same mean curvature and both unstable. This dif-
fers from the critical nucleus for heterogeneous nucleation
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Fig. 2. (a) A typical representation of the simulation box. The green particles represent liquid molecules, the orange ones
represent solid particles of the top substrate, and the tan particles represent the bottom substrate. The box size used in the
simulations is Lx = 65.8 and Ly = 13.2. (b) Time evolution of the simulation box height H at diﬀerent pore width (base radius
r) at the value of the external pressure pext = 0.012. We observe spontaneous bubble nucleation for r = 16.5 σ after more than
t/τ > 2 · 106, which implies that the bubble pinned to this pore size can reach the critical size (R = 18.5 σ) by spontaneous
ﬂuctuations. (c) Final conﬁgurations corresponding to diﬀerent pore radii, from left to right, r = 5.0σ, 10.0σ, 12.5σ, and 15.0σ.
because its contact angle is determined by sin θ = r/R,
rather than by the substrate chemistry. But for θ < π/2,
cos θ > 0, and thus ∂
2G
∂R2 |R=RNB > 0 the pinned nanobub-
bles correspond to a local free-energy minimum, and thus
are thermodynamically (meta)stable (see ﬁg. 1(b)). This
indicates that the accessible range of the contact angles for
stable nanobubbles should always be smaller than π/2.
For suﬃciently small nanobubbles, the dependence of
the surface tension on the curvature of the bubble cannot
be ignored [12,13]. In that case, R depends on the pore
size and is generally not the same as the radius of the
critical nucleus. This observation is interesting, because
it suggests that experiments could detect the presence of
curvature eﬀects in a simple way. To demonstrate this,
we note that in eq. (5) we can determine the derivative
∂(ΔAγ′)
∂R by measuring the left-hand side of this equation
for a range of R values with varying pore sizes. By inte-
grating the expression, we can evaluate γ′. In the simple
case the surface tension can be written as
γ′ = γ0 + δT /R + κ/R2, (6)
with δT the Tolman length and κ the surface (Helfrich)
bending stiﬀness. By performing measurements on circu-
lar and straight pores with various sizes, it is possible to
determine both curvature corrections δT and κ.
Simulation validation. The above analysis is based
on CNT, which is a “macroscopic” theory. To validate
our main result, i.e. that the radius of curvature of a
pinned nanobubble in a solid pore is equal to the radius
of a critical nucleus in homogeneous nucleation process,
we performed MD simulations of bubble formation in a
Lennard-Jones ﬂuid in contact with a slit-like pore, using
an open-source program (LAMMPS [20]). We employed
a pseudo-2D simulation box with a slab-like geometry of
65.8× 13.2×H in units σ3, where σ is the Lennard-Jones
diameter and H, the height of simulation box, ﬂuctuates
during the simulation process to ﬁx the pressure (ﬁg. 2(a)).
Periodic boundary conditions were used in x and y direc-
tions. This geometry is convenient, to generate “inﬁnite”
(i.e. periodically repeated), cylindrical nanobubbles. In
principle, it is also possible to generate spherical bubbles
on circular pores. However, the present approach yields
better statistics, and therefore more accurate answers.
At the top and bottom of the simulation box we placed
two substrates that consist of frozen solid atoms on the
(100) surface of FCC lattice with a lattice size of 1.64
σ. On the bottom substrate of the pseudo-2D system, we
placed a rectangular nanopore of width r and depth 16.4
σ, that is periodically repeated along the short dimension
(13.2 σ) of the simulation box. This slit pore exerts a pin-
ning force on the contact line of nanobubbles. For simplic-
ity, we prepared pores that already contained nanobubbles
—hence there was no need to make the inside walls of the
pores solvophobic. The height of the simulation box could
change, subject to an external force along the z-direction
to maintain the imposed pressure.
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For the intermolecular potentials, we used the stan-
dard Lennard-Jones (LJ) 12-6 potential, with well-depth
ε. The potential was truncated and shifted at a cutoﬀ dis-
tance of 3.2σ. In addition, the interaction between bot-
tom solid and ﬂuid atoms was adopted to a value of
0.55ε, generating a medium wettability so that a pure
LJ droplet would have a contact angle about 89◦, as
that of HOPG used experimentally [10]. We carried out
isothermal-isostress (NPZZT ) simulations with a ﬁxed
number of ﬂuid molecules, N = 31294. The equations of
motion were integrated using the velocity-Verlet algorithm
with a time step of 0.0023 in the unit of
√
mσ2/ε. The
ﬂuid temperature was controlled at a reduced temperature
kBT/ε = 0.96 using a Nose´-Hoover thermostat with a time
constant 0.23 in reduced units. In our simulations, surface
nanobubbles were produced as follow. First, we ﬁlled N
ﬂuid molecules into the region enclosed by the solid sub-
strates, without a pore, followed by an equilibration run
of 6× 106 MD time steps, at a temperature kBT/ε = 0.96
and the corresponding coexistence pressure pext = 0.029
(in units εσ−3). After equilibration, we reduced the pres-
sure to the desired target value. Next, we introduced slit
pores of varying width. For each pore size, we performed a
simulation of 14×106 time steps, to produce stable surface
nanobubbles (a typical sequence of simulation snapshots
is shown in ﬁg. 2(c)).
To obtain the radius of curvature of a stable nanobub-
ble at a constant external pressure, time evolution of the
height of simulation box at diﬀerent pore radii, r, were
recorded (see ﬁg. 2(b)). Note that for pseudo-2D pores,
the pore radius is equal to half the pore width. The box
height increases with increasing the pore radius. For the
pore radii between 7.5 and 15.0 σ, stable nanobubbles were
observedand the box height H ﬂuctuates strongly around
the mean value (see ﬁg. 2(b)). For r < 7.5 σ (e.g., r = 5.0
σ in ﬁg. 2(b)) the height reaches an equilibrium value but
ﬂuctuations are strongly suppressed. The corresponding
snapshots show that at this pore radius, the nanobubble
disappeared and a Cassie state with the planar vapor-
liquid interface on the pore wall was formed. For pore
radii larger than 16.5 σ, H increases rapidly, indicating
unbounded expansion of the nanobubble. In this case, the
nanobubble initially grew rather slowly until the contact
line was de-pinned at about 12 × 106 MD steps followed
by a rapid expansion of the simulation box (ﬁg. 2(b)).
The vapor-liquid interfaces for stable nanobubbles
were determined through ﬁnding the locations at which
the ﬂuid density is equal to half of the liquid density.
Note that the ﬂuid density proﬁle was obtained via aver-
aging over 1000 conﬁgurations within 106 time steps. As
expected [21–24] the vapor-liquid interface of the pinned
nanobubble can be well described by a cylinder seg-
ment. This observation facilitates the calculation of the
nanobubble curvature radius R and its contact angle θ,
which are depicted in ﬁg. 3. We note that for nanobubbles
on various pore widths r, the radius of curvature R is al-
most constant, while the contact angle θ measured from
the liquid side decreases with the increase of pore radius.
This indicates that at a given external pressure, stable
surface nanobubbles have an equilibrium curvature radius
Fig. 3. Nanobubble curvature radius R and contact angle θ
as a function of the base radius r at a ﬁxed pressure of 0.012.
The results are averaged over ﬁve independent simulation runs.
The ﬁgure clearly shows the independence of R on r.
independent of the pore size and as the pore grows larger,
the nanobubble contact angle decreases.
Next, we show that the curvature radius of nanobub-
bles observed in MD simulations is indeed equal to that
of the critical nucleus of the homogeneous liquid-to-
vapor transition at the same thermodynamic conditions.
Nanobubbles or nuclei in the bulk solution are thermo-
dynamically unstable: For bubbles with radii larger than
a critical value, the liquid-to-vapor phase transition oc-
curs, while bubbles smaller than the critical size tend to
shrink and disappear. This is the reason why observing
the critical nucleus in experiments is challenging.
Here, we ﬁrst determined the critical nucleus for the
vapor-liquid transition by means of MD simulations. To
obtain the size of critical nucleus for the homogeneous nu-
cleation, independent MD simulation runs were performed
with predeﬁned bulk nanobubbles in liquid phase. The
predeﬁned nanobubbles were produced as follows. First,
N = 34531 liquid molecules were randomly arranged in
a simulation box with dimensions of 63.6× 13.2× 63.6σ3
and periodic boundary conditions were applied in all three
directions. Note that in order to directly compare to
nanobubbles obtained above, we used again pseudo-2D
simulation box here and we studied periodically contin-
ued cylindrical bubbles, rather than spherical bubbles. A
simulation of 2 × 106 MD steps was carried out at the
same reduced temperature as before. To produce candi-
date critical bubble nuclei in the bulk, we created a cylin-
drical cavity in a bulk liquid by removing molecules inside
the cylindrical region. A second MD run of 5 × 105 MD
steps was performed to equilibrate the nucleus. Finally,
another 5 × 105 MD steps NPZZT -MD run was carried
out to obtain the time evolution of the nanobubble radius
in the bulk.
The time evolution of the nucleus size at diﬀerent ini-
tial radii of nuclei is depicted in ﬁg. 4. We observe that
the nuclei either expand into a vapor phase or shrink and
return to the metastable liquid phase. We can determine
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Fig. 4. Time evolution of the bubble radius at the external
pressure of pext = 0.012. We expect the spontaneous nucleation
to take place for bubbles with radius R = 18.5 σ. Of course,
nucleation is a stochastic event (e.g., some post-critical nuclei
may still disappear), and therefore our estimate of the critical
nucleus size from the observed nucleation events is subject to
an appreciable statistical error, which we estimate to be at
least 1.5 σ.
the size of the critical nucleus: it is within a range of 16.4–
22 σ at a reduced external pressure of 0.012.
We further note that under the same thermodynamic
conditions (temperature and pressure), the critical nu-
clei have the same radius as the metastable surface
nanobubbles (see ﬁg. 3). Furthermore, when the radius
of the nanopore is close to or larger than the size of the
critical nucleus, the surface nanobubble becomes unsta-
ble (ﬁg. 2(b)). This observation conﬁrms that anchored
nanobubbles can mimic the critical nucleus, and this ﬁnd-
ing oﬀers a new way to study its properties of experimen-
tally.
We also determined nanobubble internal pressure and
surface tension. According to the Young-Laplace equation
for the cylindrical case, pin − pout = γlvR with pin the in-
ternal pressure of nanobubble and pout the pressure of the
bulk phase. In our simulations, we calculated the inter-
nal pressure of nanobubbles with diﬀerent radii. This al-
lowed us to determine the surface tension for highly curved
vapor-liquid interface. Using these calculations, we can
determine the pressure diﬀerence across the nanobubble
interface and show that the surface nanobubbles behave
analogous to nanobubbles in the bulk solution (the critical
nuclei for homogeneous nucleation).
To calculate the nanobubble internal pressure at dif-
ferent radii, we varied the external pressure and evaluated
the density proﬁle from the MD simulations. From the
density proﬁle averaged over 2 ns of equilibrium simula-
tions, the local density of the portion that is far from in-
terface and of uniform particle distribution was chosen for
determining the internal pressure via MBWR equation of
state proposed by Johnson et al. [25]. Because we used the
isothermal, isostress (NPZZT ) ensemble, the liquid pres-
sure far from the liquid-vapor interface should be equal to
the imposed pressure. We conﬁrmed this by performing
Fig. 5. (a) The internal pressure, external pressure and pres-
sure diﬀerence. (b) Nanobubble surface tension as a function
of the nanobubble curvature radius. The dashed line shows a
planar surface tension of Salomonsand Mareschal (ref. [24]).
independent MD simulations with a planar liquid ﬁlm to
calculate the pressure in z-direction at ﬁxed temperature
and density of the liquid.
Having obtained the pressure inside and outside the
nanobubble, we can compute the pressure diﬀerence. The
results are shown in ﬁg. 5(a). From the ﬁgure, we can see
that the internal pressure of the nanobubble is nearly in-
dependent of the bubble radius at least for the range of
nanobubbles we studied (10 σ–45 σ). Such behavior is to
be expected, because changing the external pressure from
−0.0024 to 0.022 changes the chemical potential of the
ﬂuid molecules by less than 4%, and hence, we should ex-
pect the (almost ideal) vapor density inside the bubble to
vary by about the same amount. Clearly, the nanobubble
pressure diﬀerence increases with the decrease of bubble
radius. Using the Laplace-Young equation, we can esti-
mate the liquid-vapor surface tension for the nanobubble
(ﬁg. 5(b)). The ﬁgure shows that the surface tension for
surface nanobubble is also nearly independent on its ra-
dius as for bubbles in the bulk solution [26], and is close to
the planar value of γ = 0.31 [27] which was calculated from
independent MD runs. Note that diﬀerent from the simple
ﬂuid studied here, the curvature eﬀects on surface tension
for a more complex ﬂuid, such as water, are non-negligible
for small nanobubbles [28]. In contrast, the Tolman length
for a LJ ﬂuid has been estimated to be of order 0.3 σ [29],
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which is why we cannot observe curvature eﬀects for bub-
bles with radii from 10 σ to 45 σ.
In summary, we used MD simulations to probe the re-
lationship between the critical nucleus size and the radius
of metastable surface nanobubble. We showed that if the
curvature eﬀect is absent, the radius of a stable nanobub-
ble is approximately equal to the critical nucleus of the
homogeneous liquid-to-vapor transition. We ﬁnd that the
nanobubble surface tension and pressure diﬀerence across
the vapor-liquid interface show the expected dependence
on the radius of the bubbles. The radius of the surface
nanobubble is always equal to that of a “critical” bub-
ble. We further demonstrate that when the curvature ef-
fects are present, measuring a surface with many pores
of diﬀerent sizes can be used to determine the curvature
correction to the surface tension. Thus, we propose that
surface nanobubbles can be used to probe the properties
of the critical nuclei that transiently appear in bulk nucle-
ation. Hence, our ﬁndings suggest that the study of pinned
nanobubbles will yield direct insight into the properties of
the elusive critical nucleus in bulk nucleation.
We note that, the main idea behind this work can eas-
ily be carried over the study of crystal nuclei of other
phases, e.g. crystals. This could be extremely useful as
direct (AFM or TEM) studies of true critical nuclei are
virtually impossible. Within CNT, the present approach
makes it possible to create stable, partial crystal nuclei
with the same radius as the true critical nuclei. In the
presence of curvature eﬀects, a study of the dependence
of the radius of the metastable nanocrystals on the width
of the pore would make it possible to quantify the curva-
ture corrections to the solid-liquid interfacial free-energy
density.
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